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We carry out simulations using a multi-phase transport (AMPT) model to describe the response
relation between v2 and ε2 in Pb-Pb and p-Pb collisions at
√
sNN = 5.02 TeV, respectively. To
simulate such relation, two methods have been introduced in the calculation: one is the directed
response (DR) method, which correlates the outgoing particles with the initial anisotropy directly,
and the other one is the cumulants response (CR) method, which is constructed from a cumulants
correlation between outgoing particles. Based on calculations of the DR and CR methods, the
response relations as a function of the transverse momentum are both shown in Pb-Pb and p-Pb
collisions. By comparing the DR and CR methods, we found that the linear response relations
are almost identical in all the present collisions. Similar results of linear+cubic response relations
are also shown in the higher multiplicity systems, and it has become a significant difference in the
lower multiplicity systems, i.e., the peripheral Pb-Pb collisions and p-Pb collisions. Throughout the
whole pT -dependent simulations, the κ2 in the linear response and in the linear+cubic response are
almost identical, except for in the lower multiplicity systems by the DR method. If one implements
a pseudorapidity gap by the CR calculation, the pT -dependent and η-independent response relations
are similarly shown in peripheral Pb-Pb systems and p-Pb systems, which may imply that a collec-
tive response exists in the most central p-Pb collisions. These collective behaviors are dominantly
produced on the stage of the medium expansions.
I. INTRODUCTION
One remarkable achievement in high-energy heavy-ion
experiments is the creation of a fluidlike quark-gluon
system: the quark-gluon plasma (QGP). The collec-
tive flow behavior plays an important role in probing
the fluidlike QGP and is studied in the long-range
azimuthal correlations of particles emitted in rela-
tivistic nucleus-nucleus collisions at the Brookhaven
National Laboratory Relativisitic Heavy Ion Collider
(BNL RHIC) [1] and at the European Organization
for Nuclear Research Large Hadron Collider (CERN
LHC) [2]. These collective flows can be described well
by the hydrodynamic model [3] and has shown that the
collective flow behavior in particular is sensitive to the
initial fluctuation states. To study these fluctuations
of initial states, various hydrodynamic and transport
model have demonstrated an approximate response
relation between the final harmonic flow vn and the
initial eccentricity εn [4–7]. These response relations
are presented as dependent on transverse momentum
pT , pseudorapidity η and system size, which shows
it is crucial to understand the fluctuations of initial
states [8, 9]. Furthermore, it had led a nonlinear re-
sponse for the vn with εn by a hydrodynamic model [6],
and such nonlinear response is induced by the initial
fluctuations. However, there is still a lack of a clear
figure on the pT -differential nonlinear response both in
the hydrodynamic and transport models.
In recent years, similar long-range collective azimuthal
correlations have also been observed in events with high
∗ dexianwei@gxust.edu.cn
final-state particle multiplicity in proton-proton [10],
proton-nucleus [11, 12], and lighter nucleus-nucleus col-
lisions [13], where it naturally raises the question of
whether a fluidlike QGP is created in these much smaller
systems [14]. Even though the response relations have
been studied systemically by hydrodynamic or transport
model, but it is still incomplete in small systems, due to
the collective flow in such a small system size still being
debated [15]. It has been argued that the system size
is too small and the lifetime is too short for the matter
in a small system to hydrodynamize and approach local
isotropization [16]. In this paper, we focus on the col-
lective flow response to its initial fluctuating geometry
states in p-Pb collisions. This work follows our previ-
ous work, which has dealt with the response relations in
Pb-Pb systems [7]. The main purpose of this paper is to
address a particular picture of response theory in p-Pb
systems: to extract the collective response relations and
to compare them with Pb-Pb systems.
This paper is organized as follows: In Section II
we briefly describe a multi-phase transport (AMPT)
model [17] which used in the present simulations. The nu-
merical results of response relations for v2 are presented
in Section III, where we emphasize the collective response
and the residual noise in Pb-Pb and p-Pb collisions. All
the produced charge particles in the calculation are cho-
sen with 0.3 < pT < 2.0 GeV and |η| <2.5. Finally, we
will summarize the main results in Section IV. We use
natural unit kB = c = h¯ = 1.
II. A MULTI-PHASE TRANSPORT (AMPT)
MODEL
The AMPT model is a hybrid transport model for high-
energy heavy ion collisions [17]. The AMPT model can
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2be produced particles in difference stages, from initial
to final states. It not only includes the medium matter
but also includes the nonflow effects which are produced
in hard scattering and hadron decay. To study the hy-
drodynamic property, we need a good physical quantity
to describe the collective property of the medium, one
is the harmonic flow. If there exists a nonzero hydro-
dynamic response of harmonic flow, there implies that a
fluid medium has been produced in the system. To ex-
tract the hydrodynamic response, one must clearly elim-
inate the contribution of residual noise on the response
relations. To theoretically investigate these collective be-
haviors, AMPT is an appropriate tool for the response
analysis. More thorough discussions of the AMPT model
can be found in Ref. [17].
In this paper, the Lund string fragmentation parame-
ters, a = 0.5, b = 0.9 GeV−2, αs =0.33 and µ = 3.2 fm−1
are taken as in Ref. [7]. Throughout this paper, our re-
sults and analyses are mostly obtained based on AMPT
simulations with respect to Pb-Pb and p-Pb collisions at√
sNN = 5.02 TeV.
III. RESPONSE RELATION IN AMPT
Staring from the harmonic flow Vn estimators, which
are studied in Ref. [18],
Vn = vne
inΨn ≡
∫
dφ
2pi
einφpf(φp) . (1)
where the magnitude vn and phase Ψn fluctuate on an
event-by-event basis. Vn is found to be very sensitive
both to the event-by-event fluctuating initial eccentricity,
the transport properties, and their equation of state [19–
21]. The initial eccentricity En is defined with respect to
the initial-state energy density profile ρ(~x⊥, τ0) as [22]
En = εneinΦn ≡ −
∫
d2~x⊥ρ(~x⊥, τ0)rneinφ∫
d2~x⊥rnρ(~x⊥, τ0)
(n ≥ 2). (2)
Since En is defined, harmonic flow Vn can be expanded
with respect to initial eccentricity En, and a series of
response relations can be obtained. In this work, we
focus on the second-order harmonic for the response
analyses.
Noronha-Hoster and his collaborators first studied the
initial fluctuations driving the cubic response by a hydro-
dynamic model [5], and similar results of AMPT are also
shown in our previous work [7]. The initial fluctuation-
driven response relations between the V2 and E2 is ex-
pressed as
V2 = κ2E2 + κ′2ε22E2 + δ2. (3)
. For a rotational symmetry condition, the leading-order
term is a linear response proportional to E2, with κ2 the
linear response coefficient determined by the medium dy-
namical expansion. The next leading-order contribution
is a cubic term. Both the linear and cubic terms are
influenced by fluctuations where the centrality is larger
than 30% in Pb-Pb collisions, as noted by hydrodynamic
simulations [5]. Note that V2 calculated from Eq. (1)
sums up all charged particles in the present pT and η
ranges in entire events by the event-plane method. As a
consequence, collective flows and others (denoted resid-
ual noise, δ2) are included in the considered range. By
minimizing the effect of additional residual noise δ2, one
solves κ2 and κ
′
2, here is denoted as the directed response
(DR) [5, 7],
κ2 =
Re
(〈ε62〉〈V2E∗2 〉 − 〈ε42〉〈V2E∗2 ε22〉)
〈ε62〉〈ε22〉 − 〈ε42〉2
, (4a)
κ′2 =
Re
(−〈ε42〉〈V2E∗2 〉+ 〈ε22〉〈V2E∗2 |ε2|2〉)
〈ε62〉〈ε22〉 − 〈ε42〉2
. (4b)
where brackets 〈. . .〉 indicates the present particles are
averaged over events.
If one only considers a linear response in Eq. (3), V2 =
κ2E2, it can get a solution as κ2 = 〈V2E
∗
2 〉
〈ε22〉 (named κ2
DR-linear).
To subtract nonflow effects in the event-averaged har-
monic flow, pseudo-rapidity gap and multiparticle cumu-
lants have been used for the calculations [23–25]. Fol-
lowing this, a similarly subtracted residual term is in-
troduced. Based on the response relations in Eq. (3),
in which two particles correlate with pseudorapidity gap
in Ref. [26] and four-particle cumulants in Ref. [27], we
find from the two-particle and four-particle correlations
[denoted as cumulants response (CR) [7]]
v2{2, |∆η|} = κ2ε2{2}+ κ′2
〈ε42〉
〈ε22〉
ε2{2} , (5a)
v2{4} = κ2ε2{4}+ κ′2
2〈ε22〉〈ε42〉 − 〈ε62〉
2〈ε22〉2 − 〈ε42〉
ε2{4} . (5b)
Here, unlike in the practice of experimentally examining
the multiparticle cumulant flow with only one particle
in the present pT range, in the simulation of evaluating
v2{n} (n =2,4), we placed all particles in the same pT
range, e.g., two particles between the ∆η of v2{2, |∆η|}
have the same pT value. In writing Eq. (5), we have as-
sumed that a pseudo-rapidity gap is sufficient to take out
the residual noise contribution, i.e., δ2, in v2{2}. Eq. (5)
then allows us to solve κ2 and κ
′
2, without residual noise,
as
κ2 =
v2{2, |∆η|}B − v2{4}A
ε2{2}B − ε2{4}A , (6a)
κ
′
2 =
−(v2{2, |∆η|}ε2{4} − v2{4}ε2{4})
ε2{2}B − ε2{4}A . (6b)
where
A =
〈ε42〉
〈ε22〉
ε2{2}, B = 2〈ε
2
2〉〈ε42〉 − 〈ε62〉
2〈ε22〉2 − 〈ε42〉
ε2{4}.
3If one substitutes v2{2, |∆η|} = κ2ε2{2} in Eq. (5),
then one can get the linear solution of the cumulants re-
sponse, as κ2 = v2{2, |∆η|}/ε2{2} (named κ2 CR-linear).
To compare the collective flow behavior in the two
methods, pT -related and η-related response relations
are introduced in Fig. 1 and Fig. 2, respectively. For
simulations, we focus on Pb-Pb (30-40 % and 70-80 %)
collisions and p-Pb (b=0-3 fm) collisions at
√
sNN = 5.02
TeV, respectively.
Fig. 1 shows that the response relations κ2 and κ
′
2
as a function of the transverse momentum, from AMPT
simulations of Pb-Pb (30-40 % and 70-80 %) and p-Pb
(b = 0-3 fm) collisions at
√
sNN = 5.02 TeV, respec-
tively. The results of AMPT are compared with ALICE
data [28] and hydrodynamic simulations [29] for 30-40 %
Pb-Pb collisions, are shown in Fig. 1 (a). The ALICE
data are results of v2{2, |∆η| > 2} in 30-40 % Pb-Pb
collisions at 5.02 TeV [28] and a ratio with the initial ec-
centricity ε2{2}, which is calculated by the Monte-Carlo
(MC)-Glauber model. The hydrodynamic simulations at
2.76 TeV are based on the MC-(KLN) initial states. The
AMPT linear and linear+cubic response results agree
with ALICE data for v2{2, |∆η| > 2}/ε2{2} (where ε2{2}
is from the MC Glauber model) [28], as shown in Fig. 1
(a). One must note that only a linear response is consid-
ered in ALICE [28] and hydrodynamic simulations [29],
but linear response and linear+cubic response are both
considered in the AMPT simulations.
For the linear response analyses, there is no significant
difference in the linear response relations between the
DR method and the CR method, shown in Fig. 1 (a), (b)
and (c). From Fig. 1, one can see that the linear κ2 (dark
cyan line and violet line) increases with transverse mo-
mentum increasing both in experimental data and theory
simulations. This effect should be the influence of radial
flow as a consequence of the pT dependent response is
controlled by the transverse density and size [28, 30].
For the linear+cubic response analyses, it makes sense
that the cubic term is smaller than the linear term of
the Eq. (3) simulations. By the DR method, the cubic
response is very weak in all the present systems. By the
CR method, the response of the cubic item can be negli-
gible in 30-40 % Pb-Pb systems, but cannot be negligible
in 70-80 % Pb-Pb systems and p-Pb systems. The three
systems are compared in Fig. 1, which shows the nu-
merical solutions of the linear+cubic response relations,
and the higher multiplicity systems (30-40 % Pb-Pb col-
lisions) and the lower multiplicity systems (70-80 % Pb-
Pb collisions and p-Pb (b=0-3 fm) collisions) are quite
different. These response relations calculated by the
DR method and the CR method are almost identical in
midcentral Pb-Pb collisions, but significantly different in
lower multiplicity systems, i.e., the peripheral Pb-Pb col-
lisions and p-Pb collisions. Although non-hydrodynamic
response has been subtracted in these response analyses,
multiplicity fluctuations may significantly influence the
small medium response within the DR method and CR
method. The κ2 in linear+cubic response increases with
transverse momentum increases which is similar in linear
response analyses. The results of κ′2 are quite different
from the higher multiplicity systems [midcentral Pb-Pb
collisions in Fig. 1 (a)] and the lower multiplicity systems
[peripheral Pb-Pb collisions in Fig. 1 (b) and p-Pb colli-
sions in Fig. 1 (c)]. It shows a trend first increasing up
to pT ∼ 1.2 GeV, then decreasing toward higher pT , and
less than zero when pT > 1.5 GeV in Fig. 1 (a). Such
negative κ′2 at the present pT range on peripheral Pb-
Pb collisions and p-Pb collisions are also shown in Fig. 1
(b) and Fig. 1 (c), respectively. It has noted in the hy-
drodynamic model that such a simple cubic response as
in Eq. (3) is not suited for the negative value of κ′2 in
low-multiplicity systems [31]. The authors claimed that
linear+cubic response no longer works well in small sys-
tems and one must consider other response types [31].
However, it is still unclear what type of nonlinear re-
sponse is compatible for such low-multiplicity systems.
These puzzles of cubic response in the lower multiplicity
systems indicate that the current response analyses may
need careful re-examination. We will report our studies
concerning these puzzles in the future. Even though the
initial fluctuation-driven cubic response κ′2 is weak in the
present Pb-Pb collisions (the value of integral κ′2 is about
0.08 in 30-40 % Pb-Pb collisions at 2.76 TeV which has
been calculated by hydrodynamic [5] and AMPT mod-
els [7]), it is still meaningful for studying the fluctuations
of initial states.
Throughout Fig. 1, the κ2 in the linear response and
in the linear+cubic response are almost identical where
calculated by the DR and CR methods, except for in the
lower multiplicity systems by the DR method.
Indeed, we also compare the κ2 in the peripheral
Pb-Pb collisions and p-Pb collisions. By the CR calcula-
tion, pT -dependent response relations for the peripheral
Pb-Pb systems and p-Pb systems are similarly shown in
Fig. 1 (b) and Fig. 1 (c), which may imply that a col-
lective response exists in the most central p-Pb collisions.
The pseudorapidity related elliptic flow, v2(η), pro-
vides information on the initial state and the early-time
development of the collision, constraining the descrip-
tion of the longitudinal dynamics in the collisions. In
practice, a pseudorapidity gap |∆η| > 1 is taken into
account in our AMPT simulations for v2{2, |∆η}. For a
single event, the particles pseudorapidity ηtrig ranges in
[4.5, 5.0] are denoted as trigger particles, and one paired
with pseudorapidity gap |∆η| > 1 of the trigger particle
is denoted associated particle (where within |ηassoc| <
3.0 and each has 0.8 unit of pseudorapidity bin size).
The linear+cubic CR response relations κ2 and κ
′
2 as
functions of the associated pseudorapidity, ηassoc, from
AMPT simulations of Pb-Pb (70-80 %) and p-Pb (b
= 0-3 fm) collisions at
√
sNN = 5.02 TeV are shown
in Fig. 2. Here, we are focused on the η-independent
linear+cubic response relations in the peripheral Pb-Pb
(70-80 %) and the central p-Pb (b = 0-3 fm). Fig. 2
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FIG. 1. (Color online) Response relations κ2 and κ
′
2 as a function of the transverse momentum, for Pb-Pb (30-40 % and 70-80
%) and p-Pb (b = 0-3 fm) collisions at
√
sNN = 5.02 TeV, respectively. AMPT results are compared with ALICE data (based on
the MC Glauber initial states) at 5.02 TeV [28] and hydrodynamic simulations [based on the MC-Kharzeev-Levin-Nardi(KLN)
initial states] at 2.76 TeV [29]. The results of linear response relations (dark cyan line and violet line) and linear+cubic response
relations (symbol-line) are calculated by the DR and CR method in AMPT, respectively, for (a) 30-40 % Pb-Pb systems; (b)
70-80 %Pb-Pb systems; (c) p-Pb (b=0-3 fm) systems.
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FIG. 2. (Color online) Response relations κ2 and κ
′
2 as a
function of the pseudorapidity, for Pb-Pb (70-80 %) and p-
Pb (b = 0-3 fm) collisions at
√
sNN = 5.02 TeV, respectively.
The results of κ2 and κ
′
2 (for linear+cubic response analyses)
are calculated by the CR method.
shows a similar distribution of the response relations
in peripheral Pb-Pb systems and p-Pb systems. These
response relations κ2 and κ
′
2 are smooth at midpseudo-
rapidity of the associated particles, while being different
from the pseudorapidity-dependent response shown in
Ref. [9]. Note that the pseudorapidity-dependent re-
sponse coefficients in Ref. [9] are local QGP fluctuations,
and our results act at the global QGP fluctuations,
which are calculated by the cumulants method. The
behaviors persist at the large pseudorapidity gap, shown
in Fig. 2, which suggests that collective response exists in
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FIG. 3. (Color online) Response relations κ2 and κ
′
2 as a
function of the hadron cascade time, for p-Pb collisions at√
sNN = 5.02 TeV. The results of κ2 and κ
′
2 (for linear+cubic
response analyses) are calculated by the DR and CR method,
respectively.
p-Pb collisions for the longitudinal expansions. Similar
η-independent results are found in the midcentral 30-40
% Pb-Pb (not show in the figure), where κ2 ≈ 0.2 and
κ′2 ≈ 0.08.
For Pb-Pb collisions, the collective flow mainly de-
velops in the QGP phase [32] and further accumulated
in the hadronic stage [33]. To determine the collec-
tive behavior in a small system, simulations on the
response relations for different hadron cascade times are
adopted. Hadron cascade time is the maximum possible
interaction time between a test hadron and other
5hadrons (excluding the interaction between partons
and hadrons), that is, the time of the testing hadron
from generation in hadron systems to kinetic freeze-out.
These hadron cascade time can be obtained by setting
the parameters in the subroutine ART of AMPT [17].
Fig. 3 shows that κ2 and κ
′
2 as functions of the hadron
cascade time, from AMPT simulations of p-Pb (b = 0-3
fm) collisions at
√
sNN = 5.02 TeV, respectively. The
results of linear+cubic response relations are calculated
by the DR and CR methods, respectively. One can
see that κ2 is weakly depending on the hadron cascade
time, and κ′2 increases with the hadron cascade time
increasing. Again, the cubic response κ′2 is dominated
by initial fluctuations. Such effect of κ′2 increases with
the hadron cascade time increasing indicates that the
final harmonic flow fluctuations can also be driven by
the initial fluctuations. The nonzero response relations
calculated by the CR method in Fig. 3 implied that
the contribution of collective response is dominated
by the stage of medium expansions. These results
are consistent with a conclusion of Ref. [34] for the
AMPT model: that the collective mainly comes from the
contribution of parton cascade and the hadron cascade
weakly contributes.
IV. SUMMARY
In summary, we have carried out event-by-event
AMPT simulations for Pb-Pb (30-40 % and 70-80 %) col-
lisions and p-Pb (b=0-3 fm) collisions at
√
sNN = 5.02
TeV, respectively. Base on calculation of the directed re-
sponse (DR) method and the cumulants response (CR)
method, the response relations as a function of the trans-
verse momentum, are both shown in Pb-Pb and p-Pb
collisions. Such pT -dependent κ2 in linear response
and linear+cubic response agree with ALICE data for
v2{2, |∆η| > 2}/ε2{2} (where ε2{2} is based on MC
Glauber). By comparing the DR and CR methods, we
found that the linear response relations are almost iden-
tical in all the present collisions. Similar results of lin-
ear+cubic response relations are also shown in the higher
multiplicity systems (30-40 % Pb-Pb collisions). It has
become a significant difference in the lower multiplicity
systems, i.e., the peripheral Pb-Pb collisions and p-Pb
collisions. Throughout the whole pT -dependent simu-
lations, the κ2 in the linear response and in the lin-
ear+cubic response are almost identical where calculated
by the DR and CR methods, except for in the lower mul-
tiplicity systems calculated by the DR method. The cu-
bic response is much weaker than the linear response in
the simulations, except for in the lower multiplicity sys-
tems calculated by the DR method. The linear+cubic
response may not suit for the lower multiplicity systems
by the hydrodynamic model, but it is still unclear what
types of nonlinear response are compatible for such small
multiplicity systems. Furthermore, pT -dependent and η-
independent response relations with the CR calculation
are similarly shown in peripheral Pb-Pb systems and p-
Pb systems, which may imply that a collective response
exists in the most central p-Pb collisions. These collective
behaviors are predominantly produced when the medium
expands.
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